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2 (Gordon et al.)
$G$ Lie $G$ Lie $\mathfrak{g}$ $\exp$ : $garrow G$
( $\log$ )
$(g^{(1)}:=$ g, g $(i+1):=[g,$ $\mathfrak{g}^{(i)}|$ $r\geq 2$
$\mathfrak{g}=\mathfrak{g}^{(1)}\supset\cdots\supset \mathfrak{g}^{(i)}\supset\cdots\supset \mathfrak{g}^{(r)}(\neq\{0\})\supset g^{(r+1)}=\{0\}$ .
9 r-step Lie )
$\Gamma$ $G$ co-compact $M$ $:=\Gamma\backslash G$ $\mathfrak{g}$ $\{,$ $\rangle$ $G$
$M$ Riemann $m$
Riemann $(M=\Gamma\backslash G, m)$ (r-step) (nilmanifold)
( $r=1$ $(M,$ $m)$ )
$G$ ( ) Aut $(G)$ (inner automorphism)
Inn$(G)$ :
Inn$(G):=\{\Phi\in$ Aut $(G)|\exists a\in G$ s.t. $\Phi(h)=aha^{-1}(h\in G)\}$ .
$G$ Lie 9 ie., Aut $(G)\ni\Phi$ $\Phi_{*}=$
$d\Phi_{e}\in$ Aut $(g)\subset GL(g)$ :
$\Phi(\exp X)=\exp\{\Phi_{*}(X)\}$ $(X\in \mathfrak{g})$
$\mathfrak{g}$ (derivation) Der(g) :
Der(9) $:=\{\phi\in g1(\mathfrak{g})|\phi([X, Y])=[\phi(X), Y]+[X, \phi(Y)] (X, Y\in g)\}$
Der(9) Aut $(G)\cong$ Aut(g) Lie Inn $(G)$ Lie
(inner derivation) (ID(g) ) : $G$
$\Phi(h)=aha^{-1}(a\in G)$ $A=\log a$
$\Phi_{*}(X)=$ Ad$(a)(X)=\exp\{$ad$(A)X\}=\exp([A, X])$ $(X\in \mathfrak{g})$ .
C.S. Gordon ([1], [7] ) “almost-inner automorphism”
2.1 $\Phi\in$ Aut $(G)$ $\Gamma$ almost-inner :
$\forall\gamma\in\Gamma$ $\exists a_{\gamma}\in Gs.t$ . $\Phi(\gamma)=a_{\gamma}\gamma a_{\gamma}^{-1}$ . (2.1)
$G$ $\Gamma$ almost-inner automorphism AIA$(G;\Gamma)$
2.2 (1) AIA $(G;\Gamma)$ Aut $(G)$
(2) AIA $(G;\Gamma)$ Lie
AID $(\mathfrak{g};\Sigma)$ $:=\{\phi\in$ Der $(\mathfrak{g})|\phi(X)\in[\mathfrak{g},$ $X]$ for $\forall X\in\Sigma\}$
$\Sigma(\subset \mathfrak{g})$ $\log\Gamma$ $\mathfrak{g}$ ‘ ”
148
$\phi\in$ Der $(\mathfrak{g})$ $G$ 1 $\Phi_{t}(t\in \mathbb{R})$ $\Phi_{t*}:=\exp(t\phi)\in$
Aut(g) $\Gamma_{t}$ $:=\Phi_{t}(\Gamma)$ $\Gamma_{t}$ $G$ $c\sim$compact
$(M_{t}=\Gamma_{t}\backslash G, m)$
2.3 (Gordon et al.) $\phi\in$ AID $(\mathfrak{g};\Sigma)$ $G$ $\Phi_{t}\in$ AIA$(G;\Gamma)$
$Spec(M_{t}=\Gamma_{t}\backslash G, m)=Spec(M=\Gamma\backslash G, m)$
$(M_{t}=\Gamma_{t}\backslash G, m)\cong(M=\Gamma\backslash G, \Phi_{t}^{*}m)$ ( )
2.4 $\phi\in$ AID $(\mathfrak{g};\Sigma)$ $G$ $\Phi_{t}\in$ AIA$(G;\Gamma)$ $Spec(M, \Phi_{t}^{*}m)$
$=Spec(M, m)$ $\Phi_{t}^{*}m$ $M$
$\phi$ $\Phi_{t}$ $(M_{t}, m)\cong(M, \Phi_{t}^{*}m)$
$(M, m)$ $\forall h\in G$ $\Phi_{t}(h)=a_{t}ha_{t}^{-1}(a_{t}\in G)$
$a_{t}$ $G$ $L_{a_{t}}:h\mapsto a_{t}h$ $(G, m)$ $h’=\gamma h(\gamma\in\Gamma)$
$L_{a_{t}}(h’)=\Phi_{t}(\gamma)L_{a_{t}}(h)$ $L_{a_{t}}$ $(\Gamma\backslash G, m)$ $(\Gamma_{t}\backslash G, m)$
$\blacksquare$
23( 24) (Kirillov ) ([1], [7])
([2])
3
$G$ Lie $T^{*}G$ $T_{h}^{*}G\ni\xi\mapsto(h, L_{h}^{*}\xi)\in G\cross \mathfrak{g}^{*}$ $G\cross \mathfrak{g}^{*}$
( $\mathfrak{g}^{*}$ $\mathfrak{g}$ ). $G\cross \mathfrak{g}^{*}(=T^{*}G)$
$\omega=-d\theta$
3.1 $T_{(h,\mu)}(G\cross g^{*})\cong T_{h}G\cross \mathfrak{g}^{*}$ $\theta,$ $\omega$ :
(1) $\theta(h, \mu)(v, \rho)=\mu(L_{h^{-1_{*}}}v)$ ,
(2) $\omega(h, \mu)((v, \rho), (w, \sigma))=-\rho(L_{h^{-1_{*}}}w)+\sigma(L_{h^{-1_{*}}}v)+\mu([L_{h^{-1_{*}}}v, L_{h}=1_{*}w])$ .
$G$ $m$ ( $\mathfrak{g}$ $\{,$ $\rangle$ ) $G\cross g^{*}$ (Hamiltonian)
$H(h, \mu)=\frac{1}{2}\langle\mu,$ $\mu\rangle^{*}=\frac{1}{2}\langle\mu^{\#},$ $\mu^{\#}\}$
$\mu^{\#}\in g$ $\mu(v)=\langle\mu^{\#},$ $v\rangle(\forall v\in g)$
Hamilton ( ) $(G\cross g^{*}, \omega, H)$
$H$ Hamilton $X_{H}$ ,
:
$X_{H}(h, \mu)=(L_{h*}(\mu^{\#}), ad*(\mu^{\#})\mu)\in T_{h}G\cross \mathfrak{g}^{*}$ . (3.1)
$ad^{*}(\mu^{\neq})$ ad $(\mu^{\neq})$ : $garrow \mathfrak{g};w\mapsto[\mu^{\#}, w]$ (dual operator)
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3.1
(\S 2 ) $G$ Lie $\Gamma$ $G$ co-compact
$M=\Gamma\backslash G$ $\Gamma$ $G$
$G\cross g^{*}$ $\omega$ $(G\cross 9^{*}, \omega, H)$
( $\mathbb{J}l$ )
$\mathcal{H}=(ilI\cross \mathfrak{g}^{*}, \omega, H)$
$G$ $Z=\exp t$ $(\dim Z=r)$ . $G_{1}$ $:=G/Z$ Lie
$\pi$ : $Garrow G_{1}$ $\Gamma_{1}:=\pi(\Gamma)\subset G_{1}$
3.2 (Malcev [8]) $G$ co-compact $\Gamma$ $g$ (Malcev
) $\{u_{1}, \ldots, u_{n}\}$ (1)$\sim$ ( :
(1) $=<u_{s+1},$ $\ldots,$ $u_{n}>$ .
(2) $\varphi$ : $\mathbb{R}^{n}arrow G;(x_{1}, \ldots, x_{n})\mapsto\exp(x_{1}u_{1})\cdots\exp(x_{n}u_{n})$
(3) $\Gamma=\{\exp(m_{1}u_{1})\cdots\exp(m_{n}u_{n})|mj\in Z, 1\leq j\leq n\}$ .
3.3 (1) $Z\cap\Gamma$ $Z$ co-compact $T$ $:=Z\cap\Gamma\backslash Z$ $r$
(2) $\Gamma_{1}$ $G_{1}$ co-compact
$T$
$\hat{\pi}:Marrow M_{1}:=\Gamma_{1}\backslash G_{1}$ (3.2)
$T$ $M$
$\blacksquare$
$T$ $M$ $M\cross g^{*}(=T^{*}M)$
Ad$*$ - $J:M\cross \mathfrak{g}^{*}arrow 3^{*}$ :
$J([h], \mu)(v)=\mu(Ad(h^{-1})v)=\mu(v)$ $(\forall v\in\partial\subset \mathfrak{g})$ .
$\kappa\in 3^{*}$ $(P_{\kappa}, \omega_{\kappa})$ $(2(n-r)$
$)$
$P_{\kappa}:=J^{-1}(\kappa)/T=\{([h_{1}], \mu_{0}+\mu_{1})|[h_{1}]\in M_{1}(=\Gamma_{1}\backslash G_{1}), \mu_{1}\in 3^{\perp}\}$
$\mu_{0}\in \mathfrak{g}^{*}$ $\mu_{0}(v)=\kappa(v)(\forall v\in 3)$ $T^{*}M$
$H$ $P_{\kappa}$ Hamilton $H_{\kappa}$ :




$\{$ , $\}$ $\mathfrak{g}$ :
$\mathfrak{g}=z\oplus W$. (3.3)
$T$ (3.2) $\tilde{\nabla}$ $T_{h}M\cong g$ $\partial$
$W$
34 $\overline{\nabla}$ $\tilde{\theta}$ (3 1 ), 6(3 2 ) :
(1) $\tilde{\theta}([h])(X)=(L_{h^{-1_{*}}}X)_{\delta}$ $(X\in T_{[h]}M)$ ,
(2) $\tilde{\Theta}([h])(L_{h*}v, L_{h*}w)=-[v, w]_{f}$ $(v, w\in \mathfrak{g})$ .
$v\in g$ $v_{f}$ $v$ 3
$M$ $\tilde{\Theta}$ $M_{1}$ 2 $\Theta$ $\pi$ ( ) $=h_{1}\in G_{1}(h\in$
$G),$ $\pi_{*}(v)=v_{1)}\pi_{*}(w)=w_{1}(v, w\in \mathfrak{g}, v_{1}, w_{1}\in \mathfrak{g}_{1})$
$\Theta([h_{1}])(L_{h_{1}*}v_{1}, L_{h_{1}*}w_{1})=-[v, w]_{\delta}=\tilde{\Theta}([h])(L_{h*}v, L_{h*}w)$.
$\Theta$ $G_{1}$ $M_{1}$
(33) :
$\mathfrak{g}^{*}=g^{\perp}\oplus W^{\perp}$ , $W^{\perp}\cong z^{*}$ .
$\mu 0=\kappa\in W^{\perp}=\partial^{*}$
$P_{\kappa}=\{([h_{1}], \kappa+\mu_{1})|[h_{1}]\in M_{1}, \mu_{1}\in 3^{\perp}\}$
$\pi$ : $Garrow G_{1}=G/Z$ $W\cong \mathfrak{g}_{1},$ $\mathfrak{g}_{1}^{*}\cong z^{\perp}$







$=\omega^{(1)}([h_{1}], \mu_{1})(\rho, \sigma)-\kappa\hat{\Theta}([h_{1}], \mu_{1})(\rho, \sigma)$ ,
$(\rho=(L_{h_{1}*}v_{1}, \nu), \sigma=(L_{h_{1}*}w_{1}, \tau);v_{1}, w_{1}\in \mathfrak{g}_{1}, \nu, \tau\in \mathfrak{g}_{1}^{*})$
















2 $\Theta$ $T^{*}M_{1}arrow M_{1}$ $T^{*}M_{1}$ $\{\cdot,$ $\cdot\}_{1}^{*}$
$\mathcal{H}_{\kappa}$
$\mathcal{H}_{\kappa}^{(1)}=(M_{1}\cross \mathfrak{g}_{1}^{*}, \Omega_{\kappa}^{(1)}, H_{\kappa}^{(1)})$
$M_{1}$ 2 $\kappa\Theta$ $M_{1}$
$\blacksquare$
$\Lambda=3\cap\log\Gamma$ A 3 A
$\Lambda^{b}:=\{\kappa\in s^{*}|\kappa^{\#}\in\Lambda\}\subset f^{*}$
$\kappa\#$
$\langle$ , $\}_{b}$ 3 $(\subset \mathfrak{g})$ $\kappa(v)=\langle\kappa^{\neq},$ $v\}_{f}(\forall v\in 3)$
$\Lambda^{b}$ (, $\rangle_{f}$ A
$(M, m)$ $\mathcal{H}=(\Lambda l\cross \mathfrak{g}^{*}, \omega, H)$ 1
35 $c(t)$ $\mathcal{H}$ 1 $\kappa\in\Lambda^{b}$ $c(t)\in$
$J^{-1}(\kappa)$
( ) $c(t)=([h(t)], \mu(t))\in M\cross g^{*}$ $\mathcal{H}$ 1 $h(O)=e$
$J(c(t))(\in 3$ $\kappa$
$\mu(t)(v)=\kappa(v)$ for $\forall v\in 3$ .
$c(t)=([h(t)], \mu(t))$
$\dot{h}(t)=L_{h(t)*}(\mu(t)^{\#})$ , $\dot{\mu}(t)=$ ad$*(\mu(t)^{\#})\mu(t)$ .
$v\in 3$




$x_{s+1}(t)=\kappa_{s+1}t$ , . . . , $x_{n}(t)=\kappa_{n}t$
$\kappa^{\#}=\kappa_{s+1}u_{s+1}+\cdots+\kappa_{n}u_{n}\in 3$ $[h(t)]$ $M=\Gamma\backslash G$ 1
$h(1)\in\Gamma$ $\kappa_{j}\in Z(s+1\leq i\leq n)$ ,
$\kappa\#\in\Lambda=\mathfrak{z}\cap\log\Gamma$ . $\blacksquare$
36 $(M, m)$
$( \bigcup_{\kappa\in\Lambda^{b}}$ { $\mathcal{H}_{\kappa}$ } $)$ $\cup$ { $T$ }
1 1
( ) $c(t)$ $J^{-1}(\kappa)$ $\pi_{\kappa}$ : $J^{-1}(\kappa)arrow P_{\kappa}=J^{-1}(\kappa)/T$




$\Lambda^{*}:=\{\lambda\in 3^{*}|\lambda(v)\in Z$ for $\forall v\in\Lambda\}$
$\lambda\in\Lambda^{*}$ $T$
$\rho_{\lambda}$ : $Tarrow \mathbb{C}^{*}:=\mathbb{C}\backslash \{0\}$ :
$\rho_{\lambda}(t)=e^{-2\pi i\lambda(v)}$ $(t=[\exp v]\in T, v\in 3)$
$\rho_{\lambda}$













$M$ $L^{2}$ $f$ $f(xk)=\rho_{\lambda}(k)f(x)(x\in M, k\in T)$
$L_{\lambda}^{2}(M)$ $L^{2}(M)=\oplus_{\lambda\in\Lambda}.L_{\lambda}^{2}(M)$ $L_{\lambda}^{2}(M)$ $L^{2}(E_{\lambda})$
$(M, m)$ Laplace-Beltrami $\triangle$
$D^{(\lambda)}$ :
$\triangle|_{L_{\lambda}^{2}(M)}\sim D^{(\lambda)}+4\pi^{2}|\lambda|^{2}$ .






$G,$ $\Gamma,$ $Z_{9,3},$ $\ldots$
$\kappa\in s^{*}(\cong \mathfrak{g}^{*}/\delta^{\perp})$ $\mathfrak{g}^{*}$ :
$\mathfrak{z}_{\kappa}^{\perp}:=\{\begin{array}{ll}\{\kappa+\mu_{1}|\mu_{1}\in\partial^{\perp}\} (\kappa\neq 0)f^{\perp}\backslash \{0\} (\kappa=0)\end{array}$
$\mathfrak{g}^{*}$
4.1 (PRIT, RIT) $\kappa\in 3^{*}$ 9 $\phi$ $\kappa$ pseudo-restricted-
inner transformation (PRIT) (i), (ii) :
(i) $\mathfrak{z}_{\kappa}^{\perp}arrow W\subset \mathfrak{g}$ $\forall\mu\in$
$\phi^{*}\mu=ad^{*}(Y_{\kappa}(\mu))\mu$
( $\phi^{*}$ $\phi$ )
(ii) $Y_{\kappa}(\mu)\in W=(3^{\perp})^{*}$ 1
$Y_{\kappa}(\mu)$ $\phi$ restricted-inner transformation
(RIT)
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PRIT (ii) : $\mathfrak{g}$
$\{u_{1}, \ldots, u_{n}\}$
$<u_{1},$ $\ldots,$ $u_{s}>=W$, $<u_{s+1},$ $\ldots,$ $u_{n}>=3$ $(s=n-r)$
$\{u_{1}^{*}, \ldots, u_{n}^{*}\}$ $\{u_{j}\}$
$<u_{1}^{*},$
$\ldots,$
$u_{s}^{*}>=\partial^{\perp}$ , $<u_{s+1}^{*},$ $\ldots,$ $u_{n}^{*}>=\delta^{*}=W^{\perp}$ .
$\kappa+\sum_{j=1}^{s}\mu_{j}u_{j}^{*}$ $(\mu_{1}, \ldots, \mu_{s})$
$Y_{\kappa}( \mu)=\sum_{j=1}^{s}Y^{j}(\mu_{1}, \ldots, \mu_{s})u_{j}\in W$
(ii)
$\frac{\partial Y^{j}}{\partial\mu_{k}}-\frac{\partial Y^{k}}{\partial\mu_{j}}=0$ $(1\leq j, k\leq s)$
4.2 (1) $\phi$ PRIT $(\mathfrak{g};\Lambda^{*})$ PRIT $(\mathfrak{g};\Lambda^{b})$ $\phi(3)=\{0\}$ .
(2) $\mathfrak{g}$ 2-step Lie :
RIT $(\mathfrak{g})=$ PRIT $(\mathfrak{g})=$ AID $(\mathfrak{g})$ , RIT $(\mathfrak{g};\Lambda^{*})=$ PRIT $(\mathfrak{g}, \Lambda^{*})=$ AID $(\mathfrak{g}:\Sigma)$ .
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$\phi\in \mathfrak{g}\downarrow(\mathfrak{g})$ $\Phi_{t*}:=\exp(t\phi)\in GL(\mathfrak{g})$ $\mathfrak{g}$
{X, $Y\rangle_{t}:=\langle\Phi_{t*}(X),$ $\Phi_{t*}(Y)\rangle$ $(X, Y\in \mathfrak{g})$
$M=\Gamma\backslash G$ 1 $m_{t}$ Hamil-
ton 1
$\mathcal{H}_{t}=(T^{*}M, \omega, H_{t})$ , $\mathcal{H}_{\kappa,t}=(P_{\kappa},\omega_{\kappa}, H_{\kappa,t})$ , $\mathcal{H}_{\kappa,t}^{(1)}=(T^{*}M_{1}, \Omega_{\kappa,t}^{(1)}, H_{\kappa,t}^{(1)})$
$\mathcal{H}_{\kappa,t}\cong \mathcal{H}_{\kappa,t}^{(1)}$
$\phi\in$ ID(g) $(M, m_{t})$ $(M, m_{0})$ $M$ 1
$\psi_{t}:Marrow M$ $m_{t}=\psi_{t}^{*}m_{0}$
$\phi=$ ad$(Y)(Y\in g)$ $\psi_{t}:=R$ $xp(tY)(\exp(tY)\in G$ $)$ $\psi_{t}$
1 $m_{t}$
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4.3 ([11]) $\phi$ PRIT $(\mathfrak{g};\kappa)(\kappa\in 3^{*})$ $\forall t$ Hamilton
$\mathcal{H}_{\kappa,t}\cong \mathcal{H}_{\kappa,0}$ $P_{\kappa}$ 1 $\psi_{t}$ : $P_{\kappa}arrow P_{\kappa}$
$\psi_{t}^{*}\omega_{\kappa}=\omega_{\kappa}$ , $\psi_{t}^{*}H_{\kappa,0}=H_{\kappa,t}$ (4.1)
( ) $\phi\in$ PRIT $(\mathfrak{g};\kappa)$
$\phi^{*}\mu=ad^{*}(Y_{\kappa}(\mu))\mu$ $(\mu\in \mathfrak{z}_{\kappa}^{\perp}, Y_{\kappa}(\mu)\in W)$
$Y_{\kappa}^{(1)}:=\pi_{*}oY_{\kappa}$ : $f_{\kappa}^{\perp}arrow \mathfrak{g}_{1}(=\mathfrak{g}/3)$ $P_{\kappa}$
$V_{\kappa}([h_{1}], \mu)=(L_{h_{1}*}(Y_{\kappa}^{(1)}(\mu)), -\phi^{*}\mu)\in T_{[h_{1}]}M_{1}\cross 3^{\perp}$ (4.2)
$\mathcal{L}_{V_{\kappa}}\omega_{\kappa}=0$ , $V_{\kappa}H_{\kappa,t}=H_{\kappa,t}’(= \frac{d}{dt}H_{\kappa,t})$ (4.3)
$ll_{1}$ 1 $\psi_{t}(t\in \mathbb{R})$
$\frac{d}{dt}\psi_{t}=V_{\kappa}o\psi_{t}$
(4.1) $\blacksquare$




$V_{\kappa}$ $\omega_{\kappa}=dF_{\kappa}$ . (4.3)
$\{F_{\kappa}, H_{\kappa,t}\}_{\kappa}=H_{\kappa,t}’$ (4.4)
$\{\cdot,$ $\cdot\}_{\kappa}$ Poisson
$\chi_{\kappa,t}$ : $P_{\kappa}arrow T^{*}1\downarrow I_{1}$ $T^{*}M_{1}$ “ ”
$\{F_{\kappa,t}^{(1)}, H_{\kappa,t}^{(1)}\}_{\kappa,t}^{(1)}=H_{\kappa,t}^{\prime(1)}$ . (4.5)
$H_{\kappa,t}^{\prime(1)}:=(\chi_{\kappa,t}^{-1})^{*}(H_{\kappa,t}’)$
$\blacksquare$ Length spectrum
Riemann $(M. m)$ $Spec_{L}(M, m)$ $(M, m)$
$l\in Spec_{L}(M, m)$ $l$
$Spec_{L}(M, m)$ length
spectrum
$M=\Gamma\backslash G$ 36 43
4.4 $\phi$ PRIT $(\mathfrak{g};\Lambda^{b})$ $\forall t$ $Spec_{L}(\Lambda l, m_{t})=Spec_{L}(M, m_{0})$
Gordon AIA$(G, \Gamma)$ [3]
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4.3 Lax -
$\lambda\in\Lambda^{*}$ 1 $\mathcal{H}_{\lambda,t}^{(1)}$ 1






(4.6) ( Lax )
(45) (45)
$F_{\lambda,t}^{(1)}$ $B_{t}$ Lax (4.6)
$\blacksquare$
$M_{1}$ $(x_{1}, \ldots, x_{s})$ $(x_{1}, \ldots, x_{s}, \xi_{1}, \ldots, \xi_{s})$ $T^{*}M_{1}$





$\ldots$ , $\xi_{s}$ $p$
$F_{p}(x, \xi)=\sum a^{j_{1}\cdots j_{p}}(x)\xi_{j_{1}}\cdots\xi_{j_{p}}$
$Q_{p}(F_{p})= \sum_{q=0}^{p}c_{p-q}^{(p)}\sum_{j_{1}\cdots j_{p}}(D_{j_{1}}\cdots D_{j_{p}}a^{j_{1}\cdots j_{p}})\overline{D}_{j_{q+1}}^{(\lambda)}$ . . . $\overline{D}_{j_{p}}^{(\lambda)}$
$c_{p-q}^{(p)}(0\leq q\leq p)$ $Q_{p}(F_{p})$
:
$c_{p}^{(p)}=1$ , $c_{p-2k}^{(p)}=0$ $(k=1,2, \ldots)$ ,
$c_{p-2k+1}^{(p)}= \frac{1}{2}\{(\begin{array}{ll} p2k -1\end{array})- \sum_{j=1}^{k-1}(\begin{array}{ll}p-2j +12k -2j\end{array})c_{p-2j+1}^{(p)} \}$ $(k=1,2, \ldots)$
$\bullet$
$F(x, \xi)=\sum_{p=0}^{m}\sum a^{j_{1}\cdots j_{p}}(x)\xi_{j\text{ }}\cdots\xi_{j_{p}}$
$Q(F)= \sum_{p=0}^{m}Q_{p}(F_{p})$
$\phi\in$ PRIT $(\mathfrak{g};\Lambda^{*})$ $M$ $m_{t}$
([12]).
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45(1) $(M, m_{t})$ $(M_{1}, m_{1,t})$ $t$
(2) $\hat{\pi}$ : $Marrow M_{1}$ $T$ $t$
(3) $\phi(\mathfrak{g})\subset\delta$ $(M_{1}, m_{1,t})$ $t$
4.6 $\phi(\mathfrak{g})\subset\partial$ $\lambda\in\Lambda^{*}$ Hermite $E_{\lambda}arrow(M_{1}, m_{1})$
1 $\overline{\nabla}_{t}^{(\lambda)}$
4.7 $Q(H_{\lambda,t}^{(1)})= \frac{1}{2}D_{t}^{(\lambda)},$ $Q(H_{\lambda,t}^{\prime(1)})= \frac{1}{2}(D_{t}^{(\lambda)})’$ .
4.8 $\phi\in$ RIT $(\mathfrak{g};\lambda)\cap$ PRIT $(\mathfrak{g};\Lambda^{*})$
(1) $F_{\lambda,t}^{(1)}$ $\xi$ 1 : $F_{\lambda,t}^{(1)}(x, \xi)=\sum_{j=1}^{s}c^{;}(x)\xi j+f(t)$ .
(2) $B_{t}=Q(F_{\lambda,t}^{(1)})= \sum_{j=1}^{s}c^{;}(x)\tilde{\nabla}_{j}^{(\lambda)}+\frac{1}{2}\sum_{j=1}^{s}\nabla_{j}c(x)+if(t)$ Lax (4 $\cdot$ 6)
(3) $E_{\lambda}$ $\psi_{t}$ $\overline{\nabla}_{t}^{(\lambda)}=\psi_{t}^{*}\overline{\nabla}_{0}^{(\lambda)}$ $(E_{\lambda},\overline{\nabla}^{(\lambda)})$
i.e., $Q_{\lambda,t}\cong Q_{\lambda,0}$
4.9 $\phi$ RIT $(\mathfrak{g};\Lambda^{*})$ $Spec(M, \Phi_{t}^{*}m)=Spec(M, m)(t\in \mathbb{R})$
1(2-step )
Lie $\mathfrak{g}$ $\{u_{1}, u_{2}, v_{1}, v_{2}, w_{1}, w_{2}\}$
$[u_{1}, v_{1}]=[u_{2}, v_{2}]=w_{1}$ . $[u_{1}, v_{2}]=w_{2}$ , other $=0$ .
$\mathfrak{z}=<w_{1},$ $w_{2}>$
Lie
$G=\exp \mathfrak{g}$ $=$ $\{\{\begin{array}{lllllll}1 x_{1} x_{2} z_{1} 0 1 0 y_{1} 1 Ox_{1} z_{2}0 oO 1 y_{2} 0 1 y_{2}0 0 0 1 0 0 1\end{array}\}$ $|x_{i},$ $y_{i},$ $z_{i}\in \mathbb{R}\}$
$=$ $\{(x_{1}, x_{2}, y_{1}, y_{2,12i,y_{i,\sim i}}z, z)|x\vee\in \mathbb{R}\}$ .
$(x_{1}, x_{2}, y_{1}, y_{2}, z_{1}, z_{2})\cdot(x_{1}’, x_{2}’, y_{1}’, y_{2}’, z_{1}’, z_{2}’)$
$=$ $(x_{1}+x_{1}’, x_{2}+x_{2}’, y_{1}+y_{1}’, y_{2}+y_{2}’, z_{1}+z_{1}’+x_{1}y_{1}’+x_{2}y_{2}’, z_{2}+z_{2}’+x_{1}y_{2}’)$ .
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$\Gamma:=\{(x_{1}, x_{2}, y_{1}, y_{2}, z_{1}, z_{2})|X_{i,y_{i},z_{i}}\in Z\}$ $\Gamma$ $G$ co-compact




$\phi\in RIT(g)$ $\mu=\sum_{i=1}^{2}(\mu_{i}u_{i}^{*}+\nu_{i}v_{i}^{*}+\kappa_{i}w_{i}^{*})\in \mathfrak{g}^{*}$
$\phi^{*}(\mu)=\{\begin{array}{ll}ad^{*}(u_{1})\mu (\kappa_{1}=0)ad^{*}(\frac{\kappa 2}{\kappa_{1}}u_{2})\mu (\kappa_{1}\neq 0)\end{array}$
$F_{\kappa}([h_{1}], \mu)=\{\begin{array}{ll}-\mu_{1} (\kappa_{1}=0)-\frac{\kappa_{2}}{\kappa_{1}}\mu_{2} (\kappa_{1}\neq 0)\end{array}$
$\forall\kappa\in \mathfrak{g}^{*}$
$\mathcal{H}_{\kappa,t}\cong \mathcal{H}_{\kappa,0}$ ( ).
$\forall\lambda\in\Lambda^{*}$
$Q_{\lambda,t}\cong Q_{\lambda,0}$ ( )
$T^{*}M=M\cross 9^{*}$ ( $\mathfrak{g}$ ),
$(M\cross \mathfrak{g}^{*}, \omega, H_{t})\not\cong(M\cross \mathfrak{g}^{*}, \omega, H_{0})$ ([4], [6]) $U:=\mathfrak{g}^{*}\backslash \{\kappa_{1}=0\}$ $T^{*}M$
conic, open dense $M\cross U$
$(M\cross U,\omega, H_{t})\cong(M\cross U, \omega, H_{0})$
([10]).
$\blacksquare$ (RIT ) PRIT
$\phi\in$ PRIT $(\mathfrak{g};\Lambda^{*})$ $F_{\lambda,t}^{(1)}$ $\xi$ 1
$FB_{t}=iQ(F_{\lambda,t}^{(1)})$ Lax ?
1 ([12] )
2 ( $3$-step )
Lie $\mathfrak{g}$ $\{u_{1}, u_{2}, v_{1}, v_{2}, w\}$
$[u_{1}, v_{1}]=v_{2}$ , $[u_{1}, v_{2}]=w$ , $[u_{1}, w]=[u_{1}, u_{2}]=0$ ,
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$G=\exp \mathfrak{g}$ $=$ $\{(\begin{array}{llll}1 x_{1} x_{2} z0 1 x_{1} y_{2}0 0 1 y_{1}0 0 0 1\end{array})$ $|x_{i},$ $y_{i},$ $z\in \mathbb{R}\}$
$=$ $\{(X_{1},$ $X_{2,y_{1},y_{2},z)}|X_{i,y_{i},z\in \mathbb{R}\}}$ .
$(x_{1}, x_{2},y_{1}, y_{2}, z)$ . $(x_{1}’, x_{2}’, y_{1}’, y_{2}’, z’)$
$=$ $(x_{1}+x_{1}’, x_{2}+x_{2}’+x_{1}x_{1}’, y_{1}+y_{1}’, y_{2}+y_{2}’+x_{1}y_{1}’, z+z’+x_{1}y_{2}’+x_{2}y_{1}’)$.
$\Gamma:=\{(x_{1}, x_{2}, y_{1}, y_{2}, z)|x_{i}, y_{i}, z\in Z\}$ $\Gamma$ $G$ co-compact




$\phi\in$ PRIT$(g)\cap RIT(g;0)$ $\mu=\sum_{j=1}^{2}(\mu_{j}u_{j}^{*}+\nu_{j}v_{j}^{*})+\kappa w^{*}\in \mathfrak{g}^{*}$
$\phi^{*}(\mu)=\{\begin{array}{ll}0 (\kappa=0)ad^{*}(-v_{1}+\frac{\nu_{2}}{\kappa}v_{2})\mu (\kappa\neq 0)’\end{array}$
$F_{\kappa}([h_{1}], \mu)=\{\begin{array}{ll}C (\kappa=0)\nu_{1}-\frac{1}{2\kappa}\nu_{2}^{2} (\kappa\neq 0)\end{array}$
$\lambda=2\pi kw^{*}(k\in Z)$
$F_{\lambda,t}^{(1)}(x, \xi)=\{\begin{array}{ll}C (k=0)-\frac{1}{4\pi k}\xi_{4}^{2}+\xi_{3}+x_{1}\xi_{4} (k\neq 0)\end{array}$
$M_{1}$ $(x_{1}, x_{2}, x_{3}, x_{4})=(x_{1}, x_{2}, y_{1}, y_{2})$
$F_{\lambda,t}^{(1)}(\lambda\neq 0)$ $\xi$ 2
$B_{t}=iQ(F_{\lambda,t}^{(1)})= \frac{i}{4\pi k}$( ) $)$ 2 $+\nabla$-3$(\lambda$$)+$ xl $\nabla$- $\nu$ $(k\neq 0)$ .
$B_{t}$ Lax
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410 2 $M=\Gamma\backslash G$ $m_{t}$ :
(1) $(M_{1}, m_{1,t})=(M_{1}, m_{1,0})$ .
(2) $S^{1}$ : $Marrow M_{1}$ ( ) $\Theta_{t}$ $\Theta_{t}=\Theta_{0}$ .
(3) $\mathfrak{g}$ $\forall\lambda\in\Lambda^{*}\backslash \{0\}$ $(E_{\lambda},\overline{\nabla}_{t}^{(\lambda)})\not\cong(E_{\lambda},\tilde{\nabla}_{0}^{(\lambda)})$ .
(4) $\forall\lambda\in\Lambda^{*}$ $Spec(D_{t}^{(\lambda)})=Spec(D_{0}^{(\lambda)})$ .
( ) (1),(2) $,(4)$ 43, 44,(3) Lax
(3) $\lambda\neq 0$ $\tilde{\nabla}_{t}^{(\lambda)}$ $\hat{\pi}$ : $Marrow i1l_{1}$
$M$ $m_{t}$
[7, Proposition 5.2] $\blacksquare$
2 $Riemann$ Hermite






(2) RIT RIT Schr\"odinger
( ) intertwining operators
(2) ( ) :
$\bullet$ PRIT$(\mathfrak{g};\Lambda^{*})$ $F_{\lambda,t}^{(1)}(x, \xi)$ $\xi$ ?
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